Since T-duality has been proved only perturbatively and most of the heterotic states map into solitonic, non-perturbative, type II states, the 6-dimensional string-string duality between the heterotic string and the type II string is not sufficient to prove the S-duality of the former, in terms of the known T-duality of the latter. We nevertheless show in detail that the perturbative T-duality, together with the heterotictype II duality, does imply the existence of heterotic H-monopoles, with the correct multiplicity and multiplet structure. This construction is valid at a generic point in the moduli space of heterotic toroidal compactifications.
particular, we will show that the rigorously proved perturbative T-duality of the type II string together with the conjectured heterotic-type II duality in 6 dimensions imply the existence of H-monopoles [8] , with the right multiplicity and super-multiplet structure.
The paper is organized as follows: first we write the low-energy effective action of the type II superstring compactified on K 3 × T 2 , and show that T-duality is not a manifest symmetry of this action: to prove that two models related by a T-duality are in fact equivalent, one needs a Poincaré duality involving the field strengths of the vectors coming from the Ramond-Ramond sector. This fact already shows that perturbative T-duality is not the whole story for type II strings. Indeed, an equivalence between theories involving a Poincaré duality among twoforms is intrinsically non-perturbative, when acting on charged fields 7 . Then, we write the effective action of the heterotic string, compactified on T 4 × T 2 , and we show in details how the heterotic-type II duality works. In particular, we show how the S-, T-and U-dualities of this heterotic compactification relate to the corresponding dualities (S', T' and U') of the type II string. After that, we study the perturbative spectrum of the type II string, and identify the states related to "G-poles," i.e. heterotic states charged with respect to the vectors A i µ , i = 4, 5, which come from the dimensional reduction of the 6-dimensional metric. The G-poles saturate an appropriate Bogomol'nyi bound, thus their mass is non-renormalized [9] . These states must be mapped by S-duality into H-monopoles, i.e. into states magnetically charged under vectors B µi , coming from the dimensional reduction of the 6-dimensional antisymmetric tensor. We thus come to the last and main result of the paper: we will show that the perturbative spectrum of the type II string contains all the states corresponding to the H-monopoles of the heterotic string, with the correct multiplicities. These states are mapped by the perturbative T-duality of the type II string into the type II partners of the G-poles. Thus, at least in this case, we can prove that perturbative T-duality and the 6-dimensional string-string duality do provide non-perturbative information about S-duality.
Let us begin by showing how the T-duality acts on the low-energy effective action of the type II superstring compactified on K 3 × T 2 . We start with the bosonic part of 6-dimensional theory obtained by compactifying the type II string on K 3 ,
The 24 Abelian gauge fields, with field strength F a µν , come from the reduction of the vector field and the third-rank antisymmetric field in ten dimensions, both originating in the RamondRamond sector of the superstring. The symmetric matrix-valued scalar fieldM parametrizes 7 The reason is simple: an "electrically charged" particle, coupling to the Ramond-Ramond field strength F R−R µν with charge g e = 4π/Im T , is mapped into a "magnetically charged" particle, coupling toF
with charge g m = 4πTT /Im T . At Re T = 0, this equation becomes g m = 4π/g e , that is, a non-perturbative equation relating strong coupling to weak coupling.
Its components come from the reduction of the metric and antisymmetric tensor field. It is crucial that
without Chern-Simons term. In order to perform the dimensional reduction from 6 to 4 dimensions, it is convenient to introduce tangent indices, and a parametrization [16] in which the 6-dimensional vielbein iŝ
From now on, we shall use, whenever necessary, hatted fields and indices to denote 6-dimensional quantities (μ = (µ, i), i = 5, 6 andr = (r, a), a = 5, 6). Internal indices are raised and lowered by the metric
. We obtain new scalars h ij , B ij , A a i from the internal components of the 6-dimensional metric, antisymmetric tensor and gauge fields. 4 new vectors, A i µ , B µi , come from the off-diagonal terms of the metric and antisymmetric tensor. It is convenient to perform the reduction by starting from the tangent-index expressions, using the following redefinition 
The dimensionally reduced Lagrangian reads:
Here we defined a shifted dilaton field φ = Φ − log √ h, and the curvatures
The kinetic term of vectors is given by the matrices
In the reduction, H µνσ acquired a Chern-Simons term with respect to the vectors coming from the metric and antisymmetric tensor,
From string theory we know that the compactification on a two-torus induces an O(2, 2; Z) symmetry of the perturbative spectrum (see [7] and the discussion of the spectrum below). O(2, 2; Z) is split into two copies of SL(2; Z), called T-and U-duality. Let us show how they act on the effective Lagrangian. At first, we must recall that O(2, 2; Z) acts on the matrix M [7] in the following way
The kinetic term for the scalars is obviously invariant, and so also the kinetic term for the vectors F A µν , provided we simultaneously trasform the field strengths as follows:
The terms containing the gauge fields F a µν are more complicated since U and T act in a very different way. To see this, we must look more carefully at the action of T and U separately. A useful parametrization for the two-dimensional matrices h and B is;
Introducing the two complex numbers
acts as a copy of the standard SL(2, Z) linear fractional transformations on both variables,
Given the following expression for the matrix M,
it is easy to determine the embedding of the T-and U-dualities in the full group O(2, 2; Z). Let us begin with the U-duality. The O(2, 2; Z) matrix corresponding to the SL(2, Z) transformation ω, and the corresponding transformation of the gauge fields F A µν , are
Imposing the following transformation on the scalars
we see that the U-duality is a manifest symmetry of the low-energy effective Lagrangian. T-duality, on the other hand, is more delicate. The corresponding O(2, 2; Z) transformation is
and we see that under the two generators of SL(2, Z) the gauge fields transform as follows
Notice that the generator of T → T + 1, usually realized in a trivial manner, here requires a non-trivial transformation of the gauge field H i µν , since it multiplies a term that, in this case, is not a topological invariant. It is easy to verify the invariance of the Lagrangian under the combined transformations (18) and (19), corresponding to the generator of
For what regards the generator of T → −1/T , the kinetic term for scalars involves only the matrix h ij so it is trivially invariant if the scalars do not transform. However, the presence of a factor of √ h in front of the kinetic term for the 24 gauge fields F a µν , implies that the T-duality cannot be realized as a symmetry of the Lagrangian, but it must involve a Poincaré duality on F a µν . Equivalently, T-duality is realized only on the equations of motion. This is most easily seen by adding to the action the Lagrange multiplier
which enforces the Bianchi identities for F a µν . Notice that now F a µν is an independent variable and appears only polynomially in the Lagrangian. If we perform a duality transformation on the modulus T and the gauge fields F A µν , the action is obviously not invariant, but when re-expressed in terms of the dual gauge field C a µν , using the F a µν equations of motion,
the action reacquires the original form. We have used the following convention for the dual gauge fieldF
We see that an SL(2, Z) transformation on T , combined with the explicit rotation (19) on the gauge fields F A µν , and the Poincaré duality (21) on the gauge fields F a µν , is a symmetry of the Lagrangian. This is how the T-duality is realized on the low-energy effective action. The equations of motion are of course invariant. Let us collect for further reference the transformations of the gauge fields
Next, we must examine the duality between heterotic and type II strings. The equivalence we need is between the heterotic string theory compactified to 6 dimensions on a 4-torus, and the type II superstring compactified on K 3 [1, 2, 3, 4] . At the level of low-energy Lagrangians, the string-string duality is realized by the following redefinitions of the 6-dimensional fields,
This redefinition maps the equations of motion of the type II Lagrangian (1) into the equations of motion of the heterotic Lagrangian
where
Notice that the crucial ingredient of the redefinition is a Poincaré duality on the third-rank form H in 6 dimensions. The equivalence of the two models can be seen also by adding to the type II action (1) a Lagrange multiplier
Trading H forH ′ , and using the equations of motion, we recover (after a Weyl rescaling, a change of sign of the dilaton, and defining H ′ asH ′ plus the Chern-Simons contribution) the heterotic Lagrangian (25).
Compactifying further to 4 dimensions on a two-torus, using the same field redefinitions of the type II case, and paying attention to the Chern-Simons term, we obtain the reduced Lagrangian (where the primes are suppressed for simplicity)
where we have defined
Here, H µντ has acquired a full Chern-Simons term
The scalar matrix N is expressed in terms of the original fields of the theory as follows:
The heterotic 4-dimensional string also possesses an S-duality [17] , which acts on the complex coupling constant,
as a linear fractional transformation, and on the gauge fields as the Poincaré duality
The type II and heterotic 4-dimensional Lagrangians are obviously, but not manifestly, equivalent. When reduced to 4 dimensions, the simple 6-dimensional redefinition (24) becomes a less obvious redefinition (Poincaré duality) of H µντ , G µν , G ij , B ij . In particular, under stringstring duality, the T-duality of the type II superstring is mapped to the S-duality of the heterotic string. In fact, by reducing eq. (24) to 4 dimensions (taking into account the Chern-Simons term in the heterotic side), we learn that
Thus, if we exchange the role of √ h and e −φ after the redefinition (35), the T modulus is mapped in the complex coupling constant λ ′ and vice-versa. The redefinition of the gauge field H i reads
It is now a simple, though tedious, exercise to check that the T-duality transformations (23) for the type II gauge fields (G Let us now turn to the study of the type II superstring (perturbative) spectrum. We want to find states that may correspond to massive, short multiplets of the N = 4 supersymmetry algebra [10] . These multiplets have the same number of components as a "long" N = 2 multiplet, and their common supersymmetric mass saturates a Bogomol'nyi bound. This means that their squared mass is proportional to the sum of squares of some Abelian (central) charges Q I e , I = 1, .., 6, and a constant matrix M IJ :
The charges Q I e are "electric," because no perturbative state can have a non-zero "magnetic" charge. To identify these charges, and find which type II massless vector they correspond to, we must recall some elementary facts about superstring theory [11] .
The spectrum of the type II superstring compactified on K 3 × T 2 can be easily written in the light-cone gauge, and in the Ramond-Neveu-Schwarz formalism. We will work at a generical point of the separate moduli space of K 3 and T 2 , but with a compactification for which A 
Here
is the usual right (left) transverse space-time oscillator number. In detail, we have two free bosons (the transverse space-time coordinates X 1 (σ, τ ), X 2 (σ, τ )) together with their world-sheet supersymmetric partners, the Neveu-Schwarz fermions ψ
Here a is a constant equal to 1 in the NS sector and to 0 in the R sector, while k µ is the transverse space-time momentum. The oscillator number N R reads
The formula for N L is obtained by replacing R with L throughout this equation. L 
h ij and B ij are, respectively, the metric and antisymmetric tensor of the two-torus. The integers m i ∈ Z are the winding numbers, while the n i ∈ Z are the momenta. Thanks to eq. (41), the Virasoro operators on the two-torus read
The matrix M is the same as the one we encountered in the dimensional reduction of the low-energy effective action, and Z is a column vector:
From eq. (41) we learn that the form of the internal, two-dimensional momenta is
The Hamiltonian restricted to zero modes reads:
The compactifications [7] are in one-to-one correspondence with the even self-dual Lorentzian lattice Γ (1, 1) spanned by the vectors (p R , p L ), which have indeed even-integer Lorentzian norm:
The moduli space of toroidal compactifications is therefore isomorphic to O(2, 2; R)/(O(2) × O(2)). The spectrum is known to be invariant under the T-duality transformation O(2, 2; Z), which acts as a linear transformation on Z: Z → ωZ, ω ∈ SL(2, Z).
The superstring coordinates, compactified on K 3 , describe an N = 4 two-dimensional superconformal field theory. For our purposes, we do not need the complete spectrum of the theory, but only the lowest conformal-weight states in the NS and R sectors. All unitary representations of the N = 4 superconformal algebra have been classified in [13] . They are labelled by the conformal weight, h, and by an internal SU(2) spin l. For central charge c = 6 (recall that K 3 has real dimension 4), and since we have two superconformal N = 4 algebras, with Virasoro operators L 0 andL 0 , respectively, the generic K 3 state belongs to an irreducible representation of SU(2) ⊗ SU(2), and reads:
As shown in ref. [14] , the lowest-weight states of the NS-NS sector are: a) the (unique) SL(2, R)-invariant vacuum |0, 0, 0, 0 . b) 20 4-vectors (representations (1/2, 1/2) of SU(2) ⊗ SU (2)) with conformal weights h =h = 1/2: |1/2, 1/2, 1/2, 1/2 . The vacuum |0, 0, 0, 0 is even under the standard GSO projection [15] of the type IIA superstring, while the (20) states |1/2, 1/2, 1/2, 1/2 are odd. In the R-R sector, the lowest conformal-weight states are obtained by the spectral flow from the above NS-NS states [14] . In particular, the spectral flow of the vacuum gives rise to a R-R state |1/4, 1/2, 1/4, 1/2 (a 4-vector of SU(2) ⊗ SU (2)), while the spectral flow of each 4-vector |1/2, 1/2, 1/2, 1/2 gives rise to a singlet |1/4, 0, 1/4, 0 . Thus, in total, in the R-R sector, we find 24 states with conformal weights h = 1/4,h = 1/4. The Hilbert space of the conformal field theory corresponding to the compactification on T 2 × K 3 is just the direct product of the Hilbert spaces of the theories on the transverse spacetime coordinates T 2 , and K 3 . The physical states are odd under the GSO projection. As we are interested only in states saturating a Bogomol'nyi bound, we must find the charges Q I e of our perturbative type II string states. This is easily done by noticing that the 4-dimensional Abelian vectors, which come from the dimensional reduction of the 6-dimensional theory on T 2 , are, using our previous notations,B µi = B µi + A 
From these equations, one can extract the charges Q i , associated with A i µ , andQ i , associated with B µi :
Let us note that these charges are not those that appear in the asymptotic expression of the gauge fields, because of the non-canonical kinetic terms of the vectors A A µ . If we add a source
A to the Lagrangian (7), we learn from the equations of motion that, for large r (and
By comparing eq. (37) with the mass formula eq. (38), and using the explicit formulae just derived above, we find that the Bogomol'nyi bound is saturated only when either N 
(no constraint on the right-movers) and explicitely reads:
Let us now turn to the heterotic string compactified on T 6 . The supersymmetric rightmovers are two transverse space-time and 6 internal free bosons, together with their fermionic superpartners. The non-supersymmetric left-movers are two space-time and 6 internal free bosons coming from the compactification on T 4 ×T 2 , and 16 free bosons in the Cartan subalgebra of the gauge group E 8 × E 8 . The conventions and the normalizations for oscillators are the same as for the type II string, so let us exhibit only the difference in the zero modes of the bosons
Here the internal momenta depend on the compactification data so that the vector (p R , p L ) belongs to the even self-dual Lorentzian lattice Γ (6, 22) . We refer to [7] for the explicit expression of the momenta. Here we limit ourselves to two particular cases. When the background vectors of E 8 × E 8 are set to zero, formula (44) is reproduced, with the only difference that the indices now run from 5 to 10. When, instead, the winding number is set to zero, we obtain [12] :
where e I is an element in the root lattice of E 8 × E 8 . Formulae for the Virasoro operators analogous to those given for the type II superstring are valid for the heterotic string; here we recall only the main differences. Since we are interested in the bosonic part of the spectrum (the fermionic part follows for space-time supersymmetry), we will consider only the NS sector. The mass-shell condition now reads
The Bogomol'nyi condition is now realized when N T OT R = 1/2, with the left-moving oscillators constrained by
and reads
where the vector Q α contains the momentum, the winding number, and the charges under
The asymptotic expression of the gauge fields are given by
The point of view of searching evidence for S-duality in the heterotic string strongly reduces the number of perturbative string states that we can consider: this is because our knowledge of the non-perturbative solitonic spectrum of the string is limited to the solutions of the low-energy action for the massless states. Thus, we are led to consider only perturbative string states which can become light in some compactification limit (as, for instance, the large-radius limit). Only these states are mapped by S-duality into light solitonic states, which may be found as solutions of the equations of motion of the low-energy effective action of the string [17] . Therefore, we shall consider only states with zero winding number, for which a field theory limit exists. To satisfy the condition N states are mapped by S-duality into solitonic solutions, magnetically charged under the vectors coming from the antisymmetric tensor; such solutions are known as H-monopoles, and they are therefore predicted to have multiplicity 21+1 [17] . These are the states we want to find in the type II string. States with N L > 1 are easily seen to need non-zero winding number and are not expected to have a field theory limit.
The direct study of the multiplicity of the H-monopoles has not given a complete answer because of the difficulty in analysing the moduli space of the solution [8] . We want to bypass this problem by looking for these states in the dual type II string, where the counterparts of heterotic H-monopoles are perturbative. Indeed, by using eq. (9) and (50), and setting A a i = 0, one can check that the fields
, which appear in eq. (36) have an asymptotical charge that is simply the winding number of the string state in, respectively, the heterotic and the type II string. With a closer look at the same equation, we learn that the type II string state corresponding to the heterotic state with p 2 L = p 2 R and N L = 1, is both electrically charged and with zero winding number. We can therefore search for it in the perturbative spectrum of the type II string.
In the NS-NS sector the mass formula reads:
and the Bogomol'nyi bound can be realized by imposing N R = 1/2 or h = 1/2 (or the same condition in the left sector). The constraint always reads p 2 R = p 2 L , and implies, using formula (58), that we are indeed considering states with zero winding number and a field theoret-ical interpretation. We find 16 states of the form ψ Table 1 If we now perform a T-duality on such states, we obtain, obviously, a state with non-zero winding number only. Note that in the heterotic string, the H-monopoles exist for λ ′ 1 = 0 [8] ; translated in the type II vocabulary, this means B 56 = 0. Using once more formula (36) with A a i = 0, we get a state with the correct quantum numbers to be identified with the H-monopole. Its existence and its correct multiplicity are now guaranteed by the perturbatively proved Tduality of the type II string. Clearly, we have found only states charged with respect to the 5 or 6 components of the gauge fields G and H; the other H-monopoles can be obtained by a T-duality in the heterotic string.
In conclusion, the string-string duality turns out to be useful in studying the non-perturbative dynamics of the heterotic string. Obviously, there is a price to be paid: in the type II string, many states, which are present in the perturbative spectrum of the heterotic string, appear as solitons. The study of these solitons, which lies beyond the scope of this paper, would be a most powerful test of the string-string duality itself.
